
100 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. XX, NO. Y, MONTH 1999

Enumeration of Contact Geometries for Part

Registration in Design of Tactile Sensing Fixtures
Walter Willem Nederbragt and Bahram Ravani

Abstract|This paper uses group theory for enumeration

of contacts between geometric elements necessary for part

registration and referencing in robotics. The results are ap-

plied to type synthesis and design of tactile sensing mechan-

ical �xtures. Although the scope of the paper is limited to

geometric contacts involving points, lines, planar surfaces,

cylindrical surfaces, and spherical surfaces, the techniques

developed are general and can be applied to other geomet-

ric features and non tactile sensing elements used in robotic

calibration and part referencing.

Keywords|Enumeration, Group Theory, Contact Geome-

tries, Fixturing, Part Registration, Part Referencing.

I. Introduction

C
ONTACT sensing elements with mechanical �xtures

are commonly used in robotics and manufacturing

(see, for example, Du�e et al. [2], McCallion and Pham [7],

and Slocum [14]) for part registration and referencing. This

is the process of determining the relative location of a part

with respect to another part or a world coordinate system.

Part registration or referencing is also an essential step in

robot calibration (see Roth, Mooring, and Ravani [13]).

In measuring relative locations between two bodies, me-

chanical �xtures are usually used to simplify the sensing

functions and to improve repeatability. Much of the exist-

ing mechanical �xtures, for such a purpose, however, are

one of a kind, ad hoc designs. There exists little work

on enumeration of such �xtures. An exception to this is

the work of McCallion and Pham [7], who used Kutzbach's

criteria to aid them in the design of a few tactile sensing

�xtures for robotic assembly. Other directly related work

is that of Bicchi, Salisbury, and Brock [1] and Mason and
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Salisbury [6]. The former paper determines contact loca-

tion from force measurments, and the latter de�nes contact

types that can be used in design of robotic �ngers. Both of

these works provide excellent theoretical basis that can be

used for certain design applications, especially when deal-

ing with point contacts and design of tactile sensing robotic

hands. These authors focused on the utilization of force in-

formation.

Recently Nederbragt and Ravani [9] have developed a

more general design theory for design of tactile sensing me-

chanical �xtures. They exploit the symmetry of di�erent

measuring arrangements using group theory. The method

is not limited to any speci�c type of contact or the use of

force information. In this paper, we extend this work for

type synthesis or enumeration of certain contact geome-

tries that can be used for part registration. We then use

these geometries as an aid in type synthesis and design of

new mechaninical tactile sensing �xtures for part registra-

tion. Group therory has been used in the past in robotics

(see, for example, Popplestone [11]) and in robotic assem-

bly (see for example, Liu and Popplestone [5]). Much of

the background can be found in Nederbragt and Ravani [9].

II. Part Referencing Based on Locations of

Geometric Elements

Part registration or position referencing involves deter-

mining the kinematic relationship between two coordinate

systems. This is important in robotics for automated part

assembly (see, for example, McCallion and Pham [7]) and

calibration (see, for example, Roth, Mooring, and Ra-

vani [13]). In such applications the location of the end

e�ector of a robot is measured by bringing it into contact

with touch sensitive elements of a mechanical �xture or
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Fig. 1. The use of a cubical reference �xture

hand held touch sensitive elements in a robot are brought

into contact with a mechanical �xture. Mathematically,

the coincidence relationships between geometric elements

between the two contacting elements are used to calculate

the location of the end e�ector of the robot. Figure 1 il-

lustrates this concept. In this �gure, the relative location

between a cube shaped �xture and a robot equipped with

a touch sensor is being found using six point-to-planar sur-

face contacts.

There are, in general, two categories of contacts. If the

position of the contact is known in the local coordinate

system of the geometric element, then we shall refer to the

contact as a �xed contact (F). Otherwise, the contact is

called a mobile contact (M). For example, if a point comes

into contact with a planar surface, the contact is considered

�xed if the location of the contact is known in the surface's

frame and mobile otherwise. Note, a point is always a �xed

contact because the location of a touch to its \body" must

be the point itself. Using points, lines, cylindrical surfaces,

spherical surfaces, and planar surfaces with both mobile

and �xed contacts, a list of all possible contacts is shown

in Table I.

TABLE I

Possible contacts between lines, spheres, planes, points, and

cylinders

Objects Type Abbreviated
in of Notation

Contact Contact for Contact

Point - Point F - F P/F - P/F

Point - Sphere F - F P/F - S/F

Point - Sphere F - M P/F - S/M

Point - Plane F - F P/F - PL/F

Point - Plane F - M P/F - PL/M

Point - Line F - F P/F - L/F

Point - Line F - M P/F - L/M

Point - Cylinder F - F P/F - C/F

Point - Cylinder F - M P/F - C/M

Sphere - Sphere F - F S/F - S/F

Sphere - Sphere F - M S/F - S/M

Sphere - Sphere M - M S/M - S/M

Sphere - Plane F - F S/F - PL/F

Sphere - Plane F - M S/F - PL/M

Sphere - Plane M - F S/M - PL/F

Sphere - Plane M - M S/M - PL/M

Sphere - Line F - F S/F - L/F

Sphere - Line F - M S/F - L/M

Sphere - Line M - F S/M - L/F

Sphere - Line M - M S/M - L/M

Sphere - Cylinder F - F S/F - C/F

Sphere - Cylinder F - M S/F - C/M

Sphere - Cylinder M - F S/M - C/F

Sphere - Cylinder M - M S/M - C/M

Plane - Plane F - F PL/F - PL/F

Plane - Line F - F PL/F - L/F

Plane - Line M - F PL/M - L/F

Plane - Cylinder F - F PL/F - C/F

Plane - Cylinder F - M PL/F - C/M

Plane - Cylinder M - F PL/M - C/F

Plane - Cylinder M - M PL/M - C/M

Line - Line F - F L/F - L/F

Line - Line F - M L/F - L/M

Line - Line M - M L/M - L/M

Line - Cylinder F - F L/F - C/F

Line - Cylinder F - M L/F - C/M

Line - Cylinder M - F L/M - C/F

Line - Cylinder M - M L/M - C/M

Cylinder - Cylinder F - F C/F - C/F

Cylinder - Cylinder F - M C/F - C/M

Cylinder - Cylinder M - M C/M - C/M

KEY: F = �xed, M = mobile, P = point, L = line,
S = sphere, PL = plane, C = cylinder

In all of the cases studied here, it is assumed that the

geometric elements are in�nite (in other words, primitive

elements). For example, a line would not have end points

and a plane would not have edges. This means that if a

line is in contact with a plane, it is lying in the plane, not

intersecting it. This will be the case throughout this paper.

III. Group Theory Evaluation of Geometric

Contacts

In this section, we develop a method for evaluation of

contacts between the described geometric elements. The

method used involves the use of the Euclidean group and

its subgroups. Hence, each of the geometric element con-

tacts is transformed into an equivalent group representa-
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TABLE II

A partial list of continuous subgroup classes of the

Euclidean group

Notation Description D.O.F.

fTug translation along line u 1

fRug rotation about line u 1

fTP g translation on plane P 2

fCug cylindrical motion about line u 2

fGP g planar motion on plane P 3

fSog spherical motion about point o 3

tion. Using group operations on the group representations,

a method is constructed for testing combinations of these

contacts for their usefulness in measuring the relative po-

sition between two bodies (or design of tactile sensing �x-

tures).

The process of �nding the group representation for a con-

tact between two geometric elements is a simple one. First

the contact should be described in terms of allowable rel-

ative motions between contacting geometric elements. For

example, rotation about a line (revolute motion), rotation

about a point (spherical motion), translation along a line

(prismatic motion), and rotation and translation along a

line (cylindrical motion) represent four common contact

motions. Then each of these motions can be described by

their respective subgroups of the Euclidean group [3]. Ta-

ble II lists continuous subgroup classes and notations being

used in this paper. The resulting group representation for

a contact is the composition of these subgroups.

In many instances, simpli�cations can be made to the

group representation to make it more compact and more

comprehensible. Given a compositions of two subgroups, it

may be possible to join the two together and form a larger

subgroup. For example, two linear translational groups

fTug and fTu0g can sometimes be joined to form one pla-

nar translational group, fTugfTu0g = fTPg. Moreover,

some compositions of groups can be rewritten, resulting in

a group of the same dimension. For example, two linear

translational groups that are about the same line (line l)

or parallel to line l can be composed into one linear trans-

lational group about the same line l. The group represen-

tation for a point - plane contact and a sphere - sphere

contact are given below to further explain the derivation of

d
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Fig. 2. A point to mobile planar surface contact

the group representations.

Given a point - mobile plane contact (P/F-PL/M), the

relative motion between the point and the plane can be de-

scribed by two lower pair motions, a general planar motion

and a spherical motion. The planar motion is due to the

plane being mobile. Hence, it cannot sense the location

of the touch, and, therefore, the point can be anywhere

on the plane. The spherical motion comes from the point

contact. Any rotations about the point have no in
uence

on the contact condition. Therefore, spherical motions are

possible. The group representation for this contact can be

written as fGP gfSog. However, a simpli�cation can be

made because there is a common subgroup shared between

the two subgroups. The group fGP g can be represented

by fTdgfTd0gfRug where d and d
0 are intersecting, perpen-

dicular lines and axis u is perpendicular to both d and d0.

The subgroup fRug is also contained in the subgroup fSog.

Therefore, the group representation can be written as

(fTdgfTd0g)(fRugfSog) = fTPgfSog: (1)

Figure 2 shows a picture of the contact and a schematic of

the motion associated with that contact. The dimension of

this group representation is �ve, two from fTP g and three

from fSog. Note, if the planar surface was �xed that the

resulting motion would be equivalent to just a spherical

motion, fSog.

Given a sphere - sphere contact, the relative motion be-

tween two spherical surfaces can be described by two spher-

ical motions, a single spherical motion, or a revolute mo-

tion depending on if the surfaces are mobile, �xed, or one

is mobile and one is �xed. Two spherical motions will oc-

cur if both spherical surfaces are mobile because neither



NEDERBRAGT AND RAVANI: ENUMERATION OF CONTACT GEOMETRIES FOR PART REGISTRATION 103

S/F -  S/F

S/F - S/M

S/M - S/M

{Ru}

{So}

{So}{So'}

Fig. 3. A spherical surface to spherical surface contact

surface will know exactly where the contact occurred. A

single spherical motion will occur if one of the spherical sur-

faces is mobile and one is �xed because one of the surfaces

will know where the contact occurred relative to its coor-

dinate system and the other surface will not. Therefore,

the mobile surface can be rotated about any axis through

the center of its spherical surface, and no change will be de-

tected by either spherical surface. If both spherical surfaces

are �xed, then the two surfaces can only rotate about an

axis through the center of both spherical surfaces without

a change being detected. This results in a revolute motion

where the rotation axis goes through the centers of both

spherical surfaces.

Figure 3 illustrated the three possible contacts between a

sphere - sphere contact. Note, the case when both surfaces

are mobile results in a spherical motion - spherical motion

combination. This combination has only a dimension of

�ve, not six. This is caused by a redundant motion in the

combination. Both spherical joints can rotate about an axis

through the center of both spherical surfaces. Therefore,

only one of them is included in the group representation

resulting in a decrease in the dimension for the combina-

tion.

Table III lists the group representation and dimension

for the contacts listed in Table I. It should be noted that

many of contacts share the same group representations.

IV. Analysis of Contact Combinations

With all of the contacts described by their respective

group representation and dimension, it is possible to ap-

ply group operations to combinations of these contacts

to �nd if they can be used to make a complete measure-

ment of the relative position between the sensor frame and

L1

L2 Ln....

Sensor
Frame

Fixture
Frame

Fig. 4. Contact constraints between sensor frame and �xture frame

�xture frame or between two bodies. If we are given a

set of contacts between the two frames and their respec-

tive group representations, then we know that the possible

motion between the two frames is the intersection of the

contact group representations. This concept is similar to

the method Herv�e used for analysis of parallel mechanism

chains [3]. Ideally, we want to completely locate the �x-

ture. Therefore, we want the dimension of this motion to

be equal to the dimension of the tactile sensing features

that form the �xture. Hence, we want to satisfy the fol-

lowing equation,

dim(fL1g \ fL2g \ � � � \ fLng) = dim(F ); (2)

where fL1g � � � fLng are the group representations for the

contacts and F represents the geometric features of the

�xture. Figure 4 shows the relationship between the frames

and contact \constraints."

If a �xture is simply a mobile cylindrical surface, for ex-

ample, then a complete reference frame can not be created

by analysis of the features that compose the �xture. A

cylindrical surface has a dimension of two due to rotations

and translations along the center line of the surface. How-

ever, the location of the cylindrical surface can be found

using various combinations of contacts. A collection of con-

tacts to one cylindrical surface that results in a dimension

of two should locate the �xture. If mobile line contacts are

made (L/M - C/M contacts), then four lines will be neces-

sary because a combination of four line-to-cylinder contacts

results in a dimension of two. Figure 5 illustrates this ex-
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TABLE III

The group representations and dimensions for the geometric contacts

Type of Group Dim. Description
Contact Representation

P/F - P/F fSog 3 o is the contact pt.

P/F - S/F fSog 3 o is the contact pt.

P/F - S/M fSogfSo0g 3+3-1=5 o is the contact pt., o0 is the center of S/M

P/F - PL/F fSog 3 o is the contact pt.

P/F - PL/M fSogfTP g 3+2=5 P is coincident with PL/M, o is the contact pt.
P/F - L/F fSog 3 o is the contact pt.

P/F - L/M fSogfTug 3+1=4 o is the contact pt., axis u goes through o
P/F - C/F fSog 3 o is the contact pt.
P/F - C/M fSogfCug 3+2=5 o is the contact pt., axis u is a dist. r away from o
S/F - S/F fRug 1 axis u goes through both sphere centers

S/F - S/M fSog 3 o is the center of the mobile sphere S/M

S/M - S/M fSogfSo0g 3+3-1=5 o and o0 are the centers of the spheres

S/F - PL/F fRug 1 u?PL=F and goes through the center of S/F

S/F - PL/M fGP g 3 P is coincident with PL/M

S/M - PL/F fSog 3 o is the center of the mobile sphere S/M
S/M - PL/M fSogfTP g 2+3=5 o is the center of S/M, P is coincident with PL/M

S/F - L/F fRugfRu0g 1+1=2 axis u goes through the center of S/F and the contact pt., axis u0 is coincident with L/F

S/F - L/M fRugfCu0g 1+2=3 axis u goes through the center of S/F and the contact pt., axis u0 is coincident with L/F

S/M - L/F fSogfRug 3+1=4 o is the center of S/M, axis u is coincident with L/F

S/M - L/M fSogfCug 3+2=5 o is the center of S/M, axis u is coincident with L/M

S/F - C/F fRug 1 axis u goes through the center of S/F and the contact pt.

S/F - C/M fRugfCu0g 1+2=3 axis u goes through the center of S/F and the contact pt.,
and axis u0 is coincident with the center line of C/M

S/M - C/F fSog 3 o is the center of S/M

S/M - C/M fSogfCug 3+2=5 o is the center of S/M, and axis u0 is coincident with the center line of C/M

PL/F - PL/F fGP g 3 P is coincident with both planes

PL/F - L/F fRug 1 axis u is coincident with L/F and on the plane

PL/M - L/F fGP gfRug 3+1=4 P is coincident with PL/M, and axis u is coincident with L/F and on P
PL/F - C/F fTug 1 axis u is coincident with the center line of C/F

PL/F - C/M fCug 2 axis u is coincident with the center line of C/M

PL/M - C/F fGP g 3 P is coincident with PL/M

PL/M - C/M fGP gfRug 3+1=4 axis u is coincident with the center line of C/M and, P is coincident with PL/M

L/F - L/F fSog 3 o is the contact pt.

L/F - L/M fSogfTug 3+1=4 o is the contact pt., and u is coincident with L/M

L/M - L/M fCugfRu0gfCu00g 2+1+2=5 u is coincident with L/F #1, u00 is coincident with L/M #2, and u0
? the contact plane.

L/F - C/F fRugfRu0g 1+1=2 u is coincident with L/F, and u0 is perpendicular to the contact plane.

L/F - C/M fRugfRu0gfCu00g 1+1+2=4 u is coincident with L/F, u00 is coincident with the center
line of C/M, and u0

? the contact plane.

L/M - C/F fRugfCu0g 1+2=3 u0 is coincident with L/M, and u0
? the contact plane.

L/M - C/M fCugfRu0gfCu00g 2+1+2=5 u is coincident with L/M, u00 is coincident with the center
line of C/M, and u0

? the contact plane.

C/F - C/F fRug 1 u is perpendicular to the contact plane

C/F - C/M fRugfCu0g 1+2=3 u0 is coincident with the center line of C/M, and u? the contact plane.

C/M - C/M fCugfRu0gfCu00g 2+1+2=5 u and u00 are coincident with the center lines of C/M #1
and C/M #2, and u0

? the contact plane.

Fig. 5. A cylindrical mobile surface in contact with four mobile lines

ample. In this case the lines could be representing a line

formed by a laser that has been barely broken by interfer-

ence from the cylindrical surface indicating \contact" with

the surface of the �xture.

It should be noted that the group representations are co-

ordinate dependent. When �nding the intersection of group

representations between two bodies a coordinate system for

each of the bodies must be chosen. Most of the group rep-

resentations assume that the coordinate frames are located

in a speci�c location. For example, any contact with a

group representation fSog assumes that both bodies have

their respective coordinate systems located at the center

of the spherical motion. Hence, when motion occurs, all

displacements are part of the spherical motion group. If

two contacts are used with spherical group representations,

then only one can have the coordinate systems placed at

its center; the other contact will no longer be represented

by a spherical motion but a strange set of displacements

(see Figure 6). However, changing the coordinate system
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Fig. 6. Group representation dependence on the location of the

coordinate system

does not change the dimension of the motion caused by a

geometric element contact.

Using equation 2, it is now possible to study contact com-

binations and determine if they can be used for measuring

the relative position between the �xture and sensor frame.

In other words, they can be used to determine appropriate

contact combinations for locating a part referencing �x-

ture. As discussed in an earlier example, if a cylinder is to

be located in space, then all combinations to a cylindrical

surface resulting in a combined dimension of two will locate

the cylinder because a cylindrical surface has a dimension

of two from rotation and translation along its center line.

For a complete reference measurement to be made, the

dimension of the �xture's tactile sensing features should be

zero. For most reference �xture applications a complete ref-

erence frame needs to be found. Hence, the combinations

of contacts that result in a dimension of zero are impor-

tant. More information on design of complete referencing

�xtures (�xtures with a dimension of zero) can be found in

Nederbragt and Ravani [9].

A shortcoming associated with equation 2 is that if a

combination is found with dimension zero, it still may have

a �nite number of possible solutions. For example, the the-

ory suggests that it takes three points to �nd the position

of a sphere of known radius (a spherical surface has dimen-

sion three). However, if three points are used, two spheres

will �t to the same three points (see Figure 7). In order to

remedy this situation another piece of information is neces-

sary. This will be the case with many of the combinations

found.

Three Point-Sphere
ContactsTwo Possible

Spheres that
Fit the Points

Fig. 7. Three points on a sphere gives two possible solutions

Looking at Table III it is apparent that many of the

geometric element contacts share the same group represen-

tations. This is due to the fact that a point is a special case

of a mobile sphere of radius zero and a line is a cylinder

of radius zero. Therefore, all of the possible contacts listed

can be reduced from 41 cases to 15 (see Table IV).

Using equation 2 and the notation from Table IV, a list

of all possible contact combinations that will result in a

dimension of zero can be made. This is done by treating

each contact as a constraint where the degree of constraint

is six minus the degree of freedom. Using this paradigm, a

complete measurement requires that the summation of the

degrees of constraint for a contact combination set equal

six or more. This works because the group representa-

tions, in general, do not share the same motions (i.e., the

intersection of the representative group notations result in

the identity motion only). This is not true for contacts

represented by planar motion and spherical motion. Two

spherical motions, two planar motions, and one planar mo-

tion/one spherical motion always share one degree of free-

dom; hence, this must be considered in the creation of con-

tact combinations. A detailed list of these combinations is

presented in the appendix.

V. Fixture Design Examples

The appendix lists 579 combination classes. If each class

is broken down into contact combinations, then there are

17,460 di�erent contact combinations that will, in general,

result in a dimension of zero.

Because of the large number of contact combinations, it
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TABLE IV

Classes of contacts

The Class The Group Contacts in
Representation Representation the Class

S/F - S/F, S/F - PL/F,
fRg fRug S/F - C/F, PL/F - L/F,

C/F - C/F

fT1g fTug PL/F - C/F

fR�Rg fRugfRu0g S/F - L/F, L/F - C/F

fCg fCug PL/F - C/M

fR � Cg fRugfCu0g S/F - L/M, S/F - C/M,
L/M - C/F, C/F - C/M

P/F - P/F, P/F - S/F,
P/F - PL/F, P/F - L/F,

fSg fSog P/F - C/F, S/F - S/M,
S/M - PL/F, S/M - C/F,

L/F-L/F

fG3g fGP g S/F - PL/M, PL/F - PL/F,
PL/M - C/M

fS �Rg fSogfRug S/M - L/F

fS � T1g fSogfTug P/F - L/M, L/F - L/M

fG3 �Rg fGP gfRug PL/M - L/F, PL/M - C/M

fR �R� Cg fRugfRu0gfCu00g L/F - C/M

fS � Sg fSogfso0g P/F - S/M, S/M - S/M

fS � Cg fSogfCug P/F - C/M, S/M - L/M,
S/M - C/M

fS � T2g fSogfTP g P/F - PL/M, S/M - PL/M

fC �R � Cg fCugfRu0gfCu00g L/M - L/M, L/M - C/M,
C/M - C/M

is di�cult to assimilate all of the data and use it. Fur-

thermore, not all of the contact combinations are practi-

cal. We have found that it is best to study subsets of

the combination list. This allows for an in-depth study

of particular combinations, which frequently results in the

elimination of impractical combinations. We have already

studied two subsets from the list: point to surface contact

�xtures [8] and �xtures that include a plane of known lo-

cation [10]. There are many more subsets that we intend

to study. moreover, by creating the combination list and

studying these subsets, we have discovered several com-

binations that have great potential for use as referencing

�xtures. In fact, we have patented one of these [12].

Although the table can be very useful, the user should

be aware of special cases. For example, if the contacts are

made so that some of the contacts share geometric similar-

ities (degenerate cases) that normally are not encountered,

then additional contacts may become necessary. For ex-

ample, three co-linear point-to-plane contacts are not suf-

�cient for locating a plane; this is a degenerate case. The

appendix only lists general combinations; hence, each spe-

ci�c case needs to be checked. Two speci�c examples are

now given to illustrate the use of the appendix list.

Fixture consist ing of
two planar surfaces
and one spherical
surface

Mobile l ine to mobile
l ine contact (L/M - L/M)

Point to mobile plane
contact (P/F - PL/M)

Point to mobile spherical
surface contact (P/F - S/M)

Plane to plane contact
(PL/F - PL/F)

Fig. 8. Fixture example 1

A. Example One

For the �rst example, we will use the fG3gfS-SgfS-

T2gfC-R-Cg combination class (this is row number 224

of Table IV). There are 36 di�erent combination sets in

this class. The fC-R-Cg contact set alone represents three

available contacts, a L/M-L/M contact, a L/M-C/M con-

tact, and a C/M-C/M contact. We need to choose one of

the 36 di�erent combination sets. For this example, we

will use a PL/F-PL/F contact 2 fG3g (plane to plane con-

tact), a P/F-S/M contact 2 fS-Sg (point to mobile sphere

contact), a P/F-PL/M contact 2 fS-T2g (point to mobile

plane contact), and a L/M-L/M contact 2 fC-R-Cg (mo-

bile line to mobile line contact). These four contacts, when

used together, result in a dimension of zero (the PL/F-

PL/F contact reduces possible motion by three degrees of

freedom, the other three contacts reduce the motion by one

degree of freedom each). Hence, a �xture that uses these

contacts can be located. In order to design a �xture using

these contacts, the �xture must contain two planar surfaces

(one for the fG3g contact and one for the fS-T2g contact),

one spherical surface (for the fS-Sg contact), and one line

for the fC-R-Cg contact.

One possible design is a solid quarter sphere where the

two planes that cut a sphere into a quarter of a sphere

are touch sensing, in addition to the spherical surface and

the line of intersection formed by the two planes. Figure 8

illustrates the use of this �xture design.

In this example, a �nite number of solutions may be

encountered. If this is the case, then additional contacts

may be necessary to eliminate the incorrect solutions and
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X

Z

Y O

fixture
reference
frame
(O,X,Y,Z)

three point
contacts to
the planar
surface

four point
contacts to
the cylindrical
surface

Fig. 9. Fixture example 2

determine the unique solution. This must be analyzed on

a case by case basis.

B. Example Two

For the second example, we will use the fS-CgfS-CgfS-

CgfS-T2gfS-T2gfS-T2g combination class. We also will

demonstrate how to construct a reference frame using these

contacts. There are 40 di�erent combination sets in this

class. We are going to treat the three fS-T2g classes as

point-to-plane contacts (P/F - PL/M) and the three fS-Cg

classes as point-to-cylinder contacts. These six contacts,

when used together, result in a dimension of zero (each

contact eliminates one degree of motion). Hence, a �xture

that uses these contacts can be located. In order to design

a �xture using these contacts, the �xture must contain at

least one planar surface (for the fS-T2g contacts) and at

least one cylindrical surface (for the fS-Cg contacts).

We will use the simpliest design, one plane and one

cylinder. Figure 9 illustrates one possible design of a

plane/cylinder �xture. In this example, a �nite number of

solutions will be encountered because the cylindrical sur-

face is quadratic; hence, we will use an additional point

contact to the cylinder to gaurantee a unique solution. It

may be possible to uniquely locate the �xture with just

the six points, but this will require knowledge of the point

trajectories prior to contact [8]. We will now give a de-

tailed analysis to show how a unique reference frame can

be created from our seven contacts.

Using our seven points, we need to create a reference

frame consisting of three unique mutually perpendicular

vectors and a unique origin. Four steps are necessary to

create the frame. Step one, the normal to the planar surface

needs to be found using the three point locations on this

surface. Step two, a vector along the axis of the cylindrical

surface needs to be found using the normal from step one

and the four points on the cylindrical surface. Step three,

using the vector along the axis of the cylindrical surface

and the points on the cylindrical surface, a point on the

axis needs to be found. Step four, using the results from

the previous steps the reference frame needs to be created.

Let x1, x2, x3, and x4 be four point contact locations on

the cylindrical surface. Let x5, x6, and x7 be three points

on the planar surface. Using points x5, x6, and x7, we

need to �nd the normal to the planar surface. This can

easily be done by creating two vectors, ~v1 = x6 � x5 and

~v2 = x7 � x5, and taking the cross product between the

two, ~n = ~v1 � ~v2 (see Figure 10). The equation for the

plane can be calculated using ~n and a point on the planar

surface (e.g., x5).

With the normal ~n to the planar surface known, we can

now �nd a vector along the axis of the cylindrical surface.

Let ~s =< sx; sy; 1 > be this vector. The value of sz is set to

one to reduce the necessary computations. This can cause

a problem if the axis of the cylinder is parallel with the x-y

plane; however, this is very unlikely.

Using the four points on the cylindrical surface, we can

create an equation with two unknowns, sx and sy. The

derivation of the equation can be found in Nederbragt and

Ravani [8]. The equation is:

h
sx sy 1

i
2
6664

n1x n2x n3x

n1y n2y n3y

n1z n2z n3z

3
7775

2
6664

jj ~p1 � ~s jj2

jj ~p2 � ~s jj2

jj ~p3 � ~s jj2

3
7775 = 0: (3)

where ~pi = xi � x4, ~n1 = ~p2 � ~p3, ~n2 = ~p3 � ~p1, and

~n3 = ~p1�~p2. This cubic equation described the cylindrical

surface in terms of the four points on its surface and the

two unknowns. We have one equation and two unknowns,

hence, we need another equation to �nd sx and sy.
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s

n = v1 x v2

v1

v2

x5

x6x7

O

45
o

x4
x3

x2

x1

Fig. 10. Analysis of the coordinate frame attached to the plane-

cylinder �xture

If the inclination of the plane is set to a speci�c angle

(other than zero or ninety degrees) relative to the axis of

the cylindrical surface, then, using vector algebra [4], an-

other equation can be found. For simplicity we will let the

angle between the axis of the cylindrical surface and the

plane be 45 degrees. With the angle between the plane

and axis equal to 45 degrees, the angle between ~n and ~s

must also be 45 degrees (see Figure 10).

From vector algebra [4], the following equation (com-

monly referred to as the scalar product) is known:

~k �~l

jj~kjj jj~ljj
= cos(�) (4)

where � is the angle between ~k and ~l. Using equation 4,

~s, ~n (which has been normalized), and the angle between

them, the following equation is obtained,

~n � ~s

jj~sjj
= cos(45) =

1
p
2
: (5)

Taking the square of equation 5, we obtain

2(~n � ~s)2 = ~s � ~s: (6)

Expanding equation 6 using the components of ~n and ~s, we

get

2(nxsx + nysy + nz)
2 = s2x + s2y + s2z: (7)

Equations 3 and 7 can be solved to �nd ~s using a stan-

dard mathematics package. Since equation 3 is cubic and

equation 7 is quadratic, we will get up to six possible so-

lutions for ~s. These solutions represent di�erent cylindri-

cal surfaces with di�erent radii that satisfy the equations.

Since the radius of the �xture is known to the user, it can be

used to eliminate the incorrect solutions [8]. With ~s known,

we can now �nd a point, q = (qx; qy; qz), on the axis of the

cylindrical surface using the method described in Neder-

bragt and Ravani [8]. With the position of both surfaces

known it is now possible to create a reference frame.

Let ~Z = ~s, ~Y = ~n�~s, and ~X = ~Y � ~Z be our three unique

mutually perpendicular reference frame vectors. Now we

need an origin for the frame. The point where the axis

of the cylindrical surface intersects the planar surface is

unique and easily determinable, hence it would make an

ideal origin. We denote this point as o. The axis of the

cylindrical surface can be written as

(ox; oy; oz) = (qx; qy; qz) + l < sx; sy; sz > (8)

where l 2 R. If equation 8 is substituted into the equation

for the planar surface, then a value for l can be found that,

when substituted back into equation 8, will determine the

location of the point of intersection.

These examples represent just two of the 17,460 di�erent

contact combinations that are available in the appendix.

Each one of the contact combinations can be made into

one or more reference �xture designs.

VI. Conclusion

A method for type synthesis of geometric elements com-

posed of contacts between points, lines, spherical surfaces,

cylindrical surfaces, and planar surfaces is given. Using

this method a list of contact combinations is derived that

have the potential to measure the relative position between

two bodies. Two examples are given that illustrate the use

of this method. This method can be used for design of

mechanical �xtures for part registration or referencing in

robotics. The results can also have applications in grasp

planning for determination of points or geometric features

on a part for developing a stable grasp. The results to-
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gether with evaluation of measurement errors and elimina-

tion of multiple solutions will be part of future extensions

of this work.
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Appendix

Using the notation from Table IV, a listing of all possi-

ble contact combinations that will result in a dimension of

zero is made, see Table V. This list gives the number and

type of contacts to a reference �xture's body necessary for

determination of a reference frame. Hence, it is now possi-

ble to determine if a given set of contacts to a �xture will

work prior to doing the geometric calculations necessary to

create a reference frame. As stated earlier, a �nite num-

ber of possible positions may come out of the combination.

These cases will require additional information for a unique

solution to be found.



110 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. XX, NO. Y, MONTH 1999

TABLE V

Enumeration of all possible contact combinations

Combination class No. Combination Class No. Combination class No.

fRgfRg 15 fR-CgfS-RgfS-T2g 8 fSgfG3-RgfR-R-Cg 18

fRgfT1g 5 fR-CgfS-RgfC-R-Cg 12 fSgfG3-RgfS-Sg 36

fRgfR-Rg 10 fR-CgfS-T1gfS-T1g 12 fSgfG3-RgfS-Cg 54

fRgfCg 5 fR-CgfS-T1gfG3-Rg 16 fSgfG3-RgfS-T2g 36

fRgfR-Cg 20 fR-CgfS-T1gfR-R-Cg 8 fSgfG3-RgfC-R-Cg 54

fRgfSg 45 fR-CgfS-T1gfS-Sg 16 fSgfR-R-CgfR-R-Cg 9

fRgfG3g 15 fR-CgfS-T1gfS-Cg 24 fSgfR-R-CgfS-Sg 18

fRgfS-Rg 5 fR-CgfS-T1gfS-T2g 16 fSgfR-R-CgfS-Cg 27

fRgfS-T1g 10 fR-CgfS-T1gfC-R-Cg 24 fSgfR-R-CgfS-T2g 18

fRgfG3-Rg 10 fR-CgfG3-RgfG3-Rg 12 fSgfR-R-CgfC-R-Cg 27

fRgfR-R-Cg 5 fR-CgfG3-RgfR-R-Cg 8 fSgfS-SgfS-SgfS-Sg 36

fRgfS-Sg 10 fR-CgfG3-RgfS-Sg 16 fSgfS-SgfS-SgfS-Cg 81

fRgfS-Cg 15 fR-CgfG3-RgfS-Cg 24 fSgfS-SgfS-SgfS-T2g 54

fRgfS-T2g 10 fR-CgfG3-RgfS-T2g 16 fSgfS-SgfS-SgfC-R-Cg 81

fRgfC-R-Cg 15 fR-CgfG3-RgfC-R-Cg 24 fSgfS-SgfS-CgfS-Cg 108

fT1gfT1g 1 fR-CgfR-R-CgfR-R-Cg 4 fSgfS-SgfS-CgfS-T2g 108

fT1gfR-Rg 2 fR-CgfR-R-CgfS-Sg 8 fSgfS-SgfS-CgfC-R-Cg 162

fT1gfCg 1 fR-CgfR-R-CgfS-Cg 12 fSgfS-SgfS-T2gfS-T2g 54

fT1gfR-Cg 4 fR-CgfR-R-CgfS-T2g 8 fSgfS-SgfS-T2gfC-R-Cg 108

fT1gfSg 9 fR-CgfR-R-CgfC-R-Cg 12 fSgfS-SgfC-R-CgfC-R-Cg 108

fT1gfG3g 3 fR-CgfS-SgfS-SgfS-Sg 16 fSgfS-CgfS-CgfS-Cg 90

fT1gfS-Rg 1 fR-CgfS-SgfS-SgfS-Cg 36 fSgfS-CgfS-CgfS-T2g 108

fT1gfS-T1g 2 fR-CgfS-SgfS-SgfS-T2g 24 fSgfS-CgfS-CgfC-R-Cg 162

fT1gfG3-Rg 2 fR-CgfS-SgfS-SgfC-R-Cg 36 fSgfS-CgfS-T2gfS-T2g 81

fT1gfR-R-Cg 1 fR-CgfS-SgfS-CgfS-Cg 48 fSgfS-CgfS-T2gfC-R-Cg 162

fT1gfS-Sg 2 fR-CgfS-SgfS-CgfS-T2g 48 fSgfS-CgfC-R-CgfC-R-Cg 162

fT1gfS-Cg 3 fR-CgfS-SgfS-CgfC-R-Cg 72 fSgfS-T2gfS-T2gfS-T2g 36

fT1gfS-T2g 2 fR-CgfS-SgfS-T2gfS-T2g 24 fSgfS-T2gfS-T2gfC-R-Cg 81

fT1gfC-R-Cg 3 fR-CgfS-SgfS-T2gfC-R-Cg 48 fSgfS-T2gfC-R-CgfC-R-Cg 108

fR-RgfR-Rg 3 fR-CgfS-SgfC-R-CgfC-R-Cg 48 fSgfC-R-CgfC-R-CgfC-R-Cg 90

fR-RgfCg 2 fR-CgfS-CgfS-CgfS-Cg 40 fG3gfG3gfG3g 10

fR-RgfR-Cg 8 fR-CgfS-CgfS-CgfS-T2g 48 fG3gfG3gfS-Rg 6

fR-RgfSg 18 fR-CgfS-CgfS-CgfC-R-Cg 72 fG3gfG3gfS-T1g 12

fR-RgfG3g 6 fR-CgfS-CgfS-T2gfS-T2g 36 fG3gfG3gfG3-Rg 12

fR-RgfS-Rg 2 fR-CgfS-CgfS-T2gfC-R-Cg 72 fG3gfG3gfR-R-Cg 6

fR-RgfS-T1g 4 fR-CgfS-CgfC-R-CgfC-R-Cg 72 fG3gfG3gfS-Sg 12

fR-RgfG3-Rg 4 fR-CgfS-T2gfS-T2gfS-T2g 16 fG3gfG3gfS-Cg 18

fR-RgfR-R-Cg 2 fR-CgfS-T2gfS-T2gfC-R-Cg 36 fG3gfG3gfS-T2g 12

fR-RgfS-SgfS-Sg 6 fR-CgfS-T2gfC-R-CgfC-R-Cg 48 fG3gfG3gfC-R-Cg 18

fR-RgfS-SgfS-Cg 12 fR-CgfC-R-CgfC-R-CgfC-R-Cg 40 fG3gfS-RgfS-Rg 3

fR-RgfS-SgfS-T2g 8 fSgfSgfSg 165 fG3gfS-RgfS-T1g 6

fR-RgfS-SgfC-R-Cg 12 fSgfSgfG3g 135 fG3gfS-RgfG3-Rg 6

fR-RgfS-CgfS-Cg 12 fSgfSgfS-Rg 45 fG3gfS-RgfR-R-Cg 3

fR-RgfS-CgfS-T2g 12 fSgfSgfS-T1g 90 fG3gfS-RgfS-Sg 6

fR-RgfS-CgfC-R-Cg 18 fSgfSgfG3-Rg 90 fG3gfS-RgfS-Cg 9

fR-RgfS-T2gfS-T2g 6 fSgfSgfR-R-Cg 45 fG3gfS-RgfS-T2g 6

fR-RgfS-T2gfC-R-Cg 12 fSgfSgfS-Sg 90 fG3gfS-RgfC-R-Cg 9

fR-RgfC-R-CgfC-R-Cg 12 fSgfSgfS-Cg 135 fG3gfS-T1gfS-T1g 9

fCgfCg 1 fSgfSgfS-T2g 90 fG3gfS-T1gfG3-Rg 12

fCgfR-Cg 4 fSgfSgfC-R-Cg 135 fG3gfS-T1gfR-R-Cg 6

fCgfSg 9 fSgfG3gfG3g 54 fG3gfS-T1gfS-Sg 12

fCgfG3g 3 fSgfG3gfS-Rg 27 fG3gfS-T1gfS-Cg 18

fCgfS-Rg 1 fSgfG3gfS-T1g 54 fG3gfS-T1gfS-T2g 12

fCgfS-T1g 2 fSgfG3gfG3-Rg 54 fG3gfS-T1gfC-R-Cg 18

fCgfG3-Rg 2 fSgfG3gfR-R-Cg 27 fG3gfG3-RgfG3-Rg 9

fCgfR-R-Cg 1 fSgfG3gfS-Sg 54 fG3gfG3-RgfR-R-Cg 6

fCgfS-SgfS-Sg 3 fSgfG3gfS-Cg 81 fG3gfG3-RgfS-Sg 12

fCgfS-SgfS-Cg 6 fSgfG3gfS-T2g 54 fG3gfG3-RgfS-Cg 18

fCgfS-SgfS-T2g 4 fSgfG3gfC-R-Cg 81 fG3gfG3-RgfS-T2g 12

fCgfS-SgfC-R-Cg 6 fSgfS-RgfS-Rg 9 fG3gfG3-RgfC-R-Cg 18

fCgfS-CgfS-Cg 6 fSgfS-RgfS-T1g 18 fG3gfR-R-CgfR-R-Cg 3

fCgfS-CgfS-T2g 6 fSgfS-RgfG3-Rg 18 fG3gfR-R-CgfS-Sg 6

fCgfS-CgfC-R-Cg 9 fSgfS-RgfR-R-Cg 9 fG3gfR-R-CgfS-Cg 9

fCgfS-T2gfS-T2g 3 fSgfS-RgfS-Sg 18 fG3gfR-R-CgfS-T2g 6

fCgfS-T2gfC-R-Cg 6 fSgfS-RgfS-Cg 27 fG3gfR-R-CgfC-R-Cg 9

fCgfC-R-CgfC-R-Cg 6 fSgfS-RgfS-T2g 18 fG3gfS-SgfS-SgfS-Sg 12

fR-CgfR-Cg 10 fSgfS-RgfC-R-Cg 27 fG3gfS-SgfS-SgfS-Cg 27

fR-CgfSg 36 fSgfS-T1gfS-T1g 27 fG3gfS-SgfS-SgfS-T2g 18

fR-CgfG3g 12 fSgfS-T1gfG3-Rg 36 fG3gfS-SgfS-SgfC-R-Cg 27

fR-CgfS-RgfS-Rg 4 fSgfS-T1gfR-R-Cg 18 fG3gfS-SgfS-CgfS-Cg 36

fR-CgfS-RgfS-T1g 8 fSgfS-T1gfS-Sg 36 fG3gfS-SgfS-CgfS-T2g 36

fR-CgfS-RgfG3-Rg 8 fSgfS-T1gfS-Cg 54 fG3gfS-SgfS-CgfC-R-Cg 54

fR-CgfS-RgfR-R-Cg 4 fSgfS-T1gfS-T2g 36 fG3gfS-SgfS-T2gfS-T2g 18

fR-CgfS-RgfS-Sg 8 fSgfS-T1gfC-R-Cg 54 fG3gfS-SgfS-T2gfC-R-Cg 36

fR-CgfS-RgfS-Cg 12 fSgfG3-RgfG3-Rg 27 fG3gfS-SgfC-R-CgfC-R-Cg 36

Table Continues on Next Page
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TABLE V

Enumeration of all possible contact combinations (continued)

Combination class No. Combination Class No. Combination class No.

fG3gfS-CgfS-CgfS-Cg 30 fS-RgfS-SgfS-CgfC-R-CgfC-R-Cg 36 fS-T1gfS-SgfC-R-CgfC-R-CgfC-R-Cg 40

fG3gfS-CgfS-CgfS-T2g 36 fS-RgfS-SgfS-T2gfS-T2gfS-T2g 8 fS-T1gfS-CgfS-CgfS-CgfS-Cg 30

fG3gfS-CgfS-CgfC-R-Cg 54 fS-RgfS-SgfS-T2gfS-T2gfC-R-Cg 18 fS-T1gfS-CgfS-CgfS-CgfS-T2g 40

fG3gfS-CgfS-T2gfS-T2g 27 fS-RgfS-SgfS-T2gfC-R-CgfC-R-Cg 24 fS-T1gfS-CgfS-CgfS-CgfC-R-Cg 60

fG3gfS-CgfS-T2gfC-R-Cg 54 fS-RgfS-SgfC-R-CgfC-R-CgfC-R-Cg 20 fS-T1gfS-CgfS-CgfS-T2gfS-T2g 36

fG3gfS-CgfC-R-CgfC-R-Cg 54 fS-RgfS-CgfS-CgfS-CgfS-Cg 15 fS-T1gfS-CgfS-CgfS-T2gfC-R-Cg 72

fG3gfS-T2gfS-T2gfS-T2g 12 fS-RgfS-CgfS-CgfS-CgfS-T2g 20 fS-T1gfS-CgfS-CgfC-R-CgfC-R-Cg 72

fG3gfS-T2gfS-T2gfC-R-Cg 27 fS-RgfS-CgfS-CgfS-CgfC-R-Cg 30 fS-T1gfS-CgfS-T2gfS-T2gfS-T2g 24

fG3gfS-T2gfC-R-CgfC-R-Cg 36 fS-RgfS-CgfS-CgfS-T2gfS-T2g 18 fS-T1gfS-CgfS-T2gfS-T2gfC-R-Cg 54

fG3gfC-R-CgfC-R-CgfC-R-Cg 30 fS-RgfS-CgfS-CgfS-T2gfC-R-Cg 36 fS-T1gfS-CgfS-T2gfC-R-CgfC-R-Cg 72

fS-RgfS-RgfS-Rg 1 fS-RgfS-CgfS-CgfC-R-CgfC-R-Cg 36 fS-T1gfS-Cg3xfC-R-Cg 60

fS-RgfS-RgfS-T1g 2 fS-RgfS-CgfS-T2gfS-T2gfS-T2g 12 fS-T1gfS-T2gfS-T2gfS-T2gfS-T2g 10

fS-RgfS-RgfG3-Rg 2 fS-RgfS-CgfS-T2gfS-T2gfC-R-Cg 27 fS-T1gfS-T2gfS-T2gfS-T2gfC-R-Cg 24

fS-RgfS-RgfR-R-Cg 1 fS-RgfS-CgfS-T2gfC-R-CgfC-R-Cg 36 fS-T1gfS-T2gfS-T2gfC-R-CgfC-R-Cg 36

fS-RgfS-RgfS-SgfS-Sg 3 fS-RgfS-CgfC-R-CgfC-R-CgfC-R-Cg 30 fS-T1gfS-T2g3xfC-R-Cg 40

fS-RgfS-RgfS-SgfS-Cg 6 fS-RgfS-T2gfS-T2gfS-T2gfS-T2g 5 fS-T1g4xfC-R-Cg 30

fS-RgfS-RgfS-SgfS-T2g 4 fS-RgfS-T2gfS-T2gfS-T2gfC-R-Cg 12 fG3-RgfG3-RgfG3-Rg 4

fS-RgfS-RgfS-SgfC-R-Cg 6 fS-RgfS-T2gfS-T2gfC-R-CgfC-R-Cg 18 fG3-RgfG3-RgfR-R-Cg 3

fS-RgfS-RgfS-CgfS-Cg 6 fS-RgfS-T2g3xfC-R-Cg 20 fG3-RgfG3-RgfS-SgfS-Sg 9

fS-RgfS-RgfS-CgfS-T2g 6 fS-Rg4xfC-R-Cg 15 fG3-RgfG3-RgfS-SgfS-Cg 18

fS-RgfS-RgfS-CgfC-R-Cg 9 fS-T1gfS-T1gfS-T1g 4 fG3-RgfG3-RgfS-SgfS-T2g 12

fS-RgfS-RgfS-T2gfS-T2g 3 fS-T1gfS-T1gfG3-Rg 6 fG3-RgfG3-RgfS-SgfC-R-Cg 18

fS-RgfS-RgfS-T2gfC-R-Cg 6 fS-T1gfS-T1gfR-R-Cg 3 fG3-RgfG3-RgfS-CgfS-Cg 18

fS-RgfS-RgfC-R-CgfC-R-Cg 6 fS-T1gfS-T1gfS-SgfS-Sg 9 fG3-RgfG3-RgfS-CgfS-T2g 18

fS-RgfS-T1gfS-T1g 3 fS-T1gfS-T1gfS-SgfS-Cg 18 fG3-RgfG3-RgfS-CgfC-R-Cg 27

fS-RgfS-T1gfG3-Rg 4 fS-T1gfS-T1gfS-SgfS-T2g 12 fG3-RgfG3-RgfS-T2gfS-T2g 9

fS-RgfS-T1gfR-R-Cg 2 fS-T1gfS-T1gfS-SgfC-R-Cg 18 fG3-RgfG3-RgfS-T2gfC-R-Cg 18

fS-RgfS-T1gfS-SgfS-Sg 6 fS-T1gfS-T1gfS-CgfS-Cg 18 fG3-RgfG3-RgfC-R-CgfC-R-Cg 18

fS-RgfS-T1gfS-SgfS-Cg 12 fS-T1gfS-T1gfS-CgfS-T2g 18 fG3-RgfR-R-CgfR-R-Cg 2

fS-RgfS-T1gfS-SgfS-T2g 8 fS-T1gfS-T1gfS-CgfC-R-Cg 27 fG3-RgfR-R-CgfS-SgfS-Sg 6

fS-RgfS-T1gfS-SgfC-R-Cg 12 fS-T1gfS-T1gfS-T2gfS-T2g 9 fG3-RgfR-R-CgfS-SgfS-Cg 12

fS-RgfS-T1gfS-CgfS-Cg 12 fS-T1gfS-T1gfS-T2gfC-R-Cg 18 fG3-RgfR-R-CgfS-SgfS-T2g 8

fS-RgfS-T1gfS-CgfS-T2g 12 fS-T1gfS-T1gfC-R-CgfC-R-Cg 18 fG3-RgfR-R-CgfS-SgfC-R-Cg 12

fS-RgfS-T1gfS-CgfC-R-Cg 18 fS-T1gfG3-RgfG3-Rg 6 fG3-RgfR-R-CgfS-CgfS-Cg 12

fS-RgfS-T1gfS-T2gfS-T2g 6 fS-T1gfG3-RgfR-R-Cg 4 fG3-RgfR-R-CgfS-CgfS-T2g 12

fS-RgfS-T1gfS-T2gfC-R-Cg 12 fS-T1gfG3-RgfS-SgfS-Sg 12 fG3-RgfR-R-CgfS-CgfC-R-Cg 18

fS-RgfS-T1gfC-R-CgfC-R-Cg 12 fS-T1gfG3-RgfS-SgfS-Cg 24 fG3-RgfR-R-CgfS-T2gfS-T2g 6

fS-RgfG3-RgfG3-Rg 3 fS-T1gfG3-RgfS-SgfS-T2g 16 fG3-RgfR-R-CgfS-T2gfC-R-Cg 12

fS-RgfG3-RgfR-R-Cg 2 fS-T1gfG3-RgfS-SgfC-R-Cg 24 fG3-RgfR-R-CgfC-R-CgfC-R-Cg 12

fS-RgfG3-RgfS-SgfS-Sg 6 fS-T1gfG3-RgfS-CgfS-Cg 24 fG3-RgfS-SgfS-SgfS-SgfS-Sg 10

fS-RgfG3-RgfS-SgfS-Cg 12 fS-T1gfG3-RgfS-CgfS-T2g 24 fG3-RgfS-SgfS-SgfS-SgfS-Cg 24

fS-RgfG3-RgfS-SgfS-T2g 8 fS-T1gfG3-RgfS-CgfC-R-Cg 36 fG3-RgfS-SgfS-SgfS-SgfS-T2g 16

fS-RgfG3-RgfS-SgfC-R-Cg 12 fS-T1gfG3-RgfS-T2gfS-T2g 12 fG3-RgfS-SgfS-SgfS-SgfC-R-Cg 24

fS-RgfG3-RgfS-CgfS-Cg 12 fS-T1gfG3-RgfS-T2gfC-R-Cg 24 fG3-RgfS-SgfS-SgfS-CgfS-Cg 36

fS-RgfG3-RgfS-CgfS-T2g 12 fS-T1gfG3-RgfC-R-CgfC-R-Cg 24 fG3-RgfS-SgfS-SgfS-CgfS-T2g 36

fS-RgfG3-RgfS-CgfC-R-Cg 18 fS-T1gfR-R-CgfR-R-Cg 2 fG3-RgfS-SgfS-SgfS-CgfC-R-Cg 54

fS-RgfG3-RgfS-T2gfS-T2g 6 fS-T1gfR-R-CgfS-SgfS-Sg 6 fG3-RgfS-SgfS-SgfS-T2gfS-T2g 18

fS-RgfG3-RgfS-T2gfC-R-Cg 12 fS-T1gfR-R-CgfS-SgfS-Cg 12 fG3-RgfS-SgfS-SgfS-T2gfC-R-Cg 36

fS-RgfG3-RgfC-R-CgfC-R-Cg 12 fS-T1gfR-R-CgfS-SgfS-T2g 8 fG3-RgfS-SgfS-SgfC-R-CgfC-R-Cg 36

fS-RgfR-R-CgfR-R-Cg 1 fS-T1gfR-R-CgfS-SgfC-R-Cg 12 fG3-RgfS-SgfS-CgfS-CgfS-Cg 40

fS-RgfR-R-CgfS-SgfS-Sg 3 fS-T1gfR-R-CgfS-CgfS-Cg 12 fG3-RgfS-SgfS-CgfS-CgfS-T2g 48

fS-RgfR-R-CgfS-SgfS-Cg 6 fS-T1gfR-R-CgfS-CgfS-T2g 12 fG3-RgfS-SgfS-CgfS-CgfC-R-Cg 72

fS-RgfR-R-CgfS-SgfS-T2g 4 fS-T1gfR-R-CgfS-CgfC-R-Cg 18 fG3-RgfS-SgfS-CgfS-T2gfS-T2g 36

fS-RgfR-R-CgfS-SgfC-R-Cg 6 fS-T1gfR-R-CgfS-T2gfS-T2g 6 fG3-RgfS-SgfS-CgfS-T2gfC-R-Cg 72

fS-RgfR-R-CgfS-CgfS-Cg 6 fS-T1gfR-R-CgfS-T2gfC-R-Cg 12 fG3-RgfS-SgfS-CgfC-R-CgfC-R-Cg 72

fS-RgfR-R-CgfS-CgfS-T2g 6 fS-T1gfR-R-CgfC-R-CgfC-R-Cg 12 fG3-RgfS-SgfS-T2gfS-T2gfS-T2g 16

fS-RgfR-R-CgfS-CgfC-R-Cg 9 fS-T1gfS-SgfS-SgfS-SgfS-Sg 10 fG3-RgfS-SgfS-T2gfS-T2gfC-R-Cg 36

fS-RgfR-R-CgfS-T2gfS-T2g 3 fS-T1gfS-SgfS-SgfS-SgfS-Cg 24 fG3-RgfS-SgfS-T2gfC-R-CgfC-R-Cg 48

fS-RgfR-R-CgfS-T2gfC-R-Cg 6 fS-T1gfS-SgfS-SgfS-SgfS-T2g 16 fG3-RgfS-Sg3xfC-R-Cg 40

fS-RgfR-R-CgfC-R-CgfC-R-Cg 6 fS-T1gfS-SgfS-SgfS-SgfC-R-Cg 24 fG3-RgfS-CgfS-CgfS-CgfS-Cg 30

fS-RgfS-SgfS-SgfS-SgfS-Sg 5 fS-T1gfS-SgfS-SgfS-CgfS-Cg 36 fG3-RgfS-CgfS-CgfS-CgfS-T2g 40

fS-RgfS-SgfS-SgfS-SgfS-Cg 12 fS-T1gfS-SgfS-SgfS-CgfS-T2g 36 fG3-RgfS-CgfS-CgfS-CgfC-R-Cg 60

fS-RgfS-SgfS-SgfS-SgfS-T2g 8 fS-T1gfS-SgfS-SgfS-CgfC-R-Cg 54 fG3-RgfS-CgfS-CgfS-T2gfS-T2g 36

fS-RgfS-SgfS-SgfS-SgfC-R-Cg 12 fS-T1gfS-SgfS-SgfS-T2gfS-T2g 18 fG3-RgfS-CgfS-CgfS-T2gfC-R-Cg 72

fS-RgfS-SgfS-SgfS-CgfS-Cg 18 fS-T1gfS-SgfS-SgfS-T2gfC-R-Cg 36 fG3-RgfS-CgfS-CgfC-R-CgfC-R-Cg 72

fS-RgfS-SgfS-SgfS-CgfS-T2g 18 fS-T1gfS-SgfS-SgfC-R-CgfC-R-Cg 36 fG3-RgfS-CgfS-T2gfS-T2gfS-T2g 24

fS-RgfS-SgfS-SgfS-CgfC-R-Cg 27 fS-T1gfS-SgfS-CgfS-CgfS-Cg 40 fG3-RgfS-CgfS-T2gfS-T2gfC-R-Cg 54

fS-RgfS-SgfS-SgfS-T2gfS-T2g 9 fS-T1gfS-SgfS-CgfS-CgfS-T2g 48 fG3-RgfS-CgfS-T2gfC-R-CgfC-R-Cg 72

fS-RgfS-SgfS-SgfS-T2gfC-R-Cg 18 fS-T1gfS-SgfS-CgfS-CgfC-R-Cg 72 fG3-RgfS-CgfC-R-CgfC-R-CgfC-R-Cg 60

fS-RgfS-SgfS-Sg2xfC-R-Cg 18 fS-T1gfS-SgfS-CgfS-T2gfS-T2g 36 fG3-RgfS-T2gfS-T2gfS-T2gfS-T2g 10

fS-RgfS-SgfS-CgfS-CgfS-Cg 20 fS-T1gfS-SgfS-CgfS-T2gfC-R-Cg 72 fG3-RgfS-T2gfS-T2gfS-T2gfC-R-Cg 24

fS-RgfS-SgfS-CgfS-CgfS-T2g 24 fS-T1gfS-SgfS-CgfC-R-CgfC-R-Cg 72 fG3-RgfS-T2gfS-T2gfC-R-CgfC-R-Cg 36

fS-RgfS-SgfS-CgfS-CgfC-R-Cg 36 fS-T1gfS-SgfS-T2gfS-T2gfS-T2g 16 fG3-RgfS-T2g3xfC-R-Cg 40

fS-RgfS-SgfS-CgfS-T2gfS-T2g 18 fS-T1gfS-SgfS-T2gfS-T2gfC-R-Cg 36 fG3-Rg4xfC-R-Cg 30

fS-RgfS-SgfS-CgfS-T2gfC-R-Cg 36 fS-T1gfS-SgfS-T2gfC-R-CgfC-R-Cg 48 fR-R-CgfR-R-CgfR-R-Cg 1

Table Continues on Next Page
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TABLE V

Enumeration of all possible contact combinations (continued)

Combination class No. Combination Class No.

fR-R-CgfR-R-CgfS-SgfS-Sg 3 fS-SgfS-SgfS-CgfS-CgfS-CgfS-Cg 45

fR-R-CgfR-R-CgfS-SgfS-Cg 6 fS-SgfS-SgfS-CgfS-CgfS-CgfS-T2g 60

fR-R-CgfR-R-CgfS-SgfS-T2g 4 fS-SgfS-SgfS-CgfS-CgfS-CgfC-R-Cg 90

fR-R-CgfR-R-CgfS-SgfC-R-Cg 6 fS-SgfS-SgfS-CgfS-CgfS-T2gfS-T2g 54

fR-R-CgfR-R-CgfS-CgfS-Cg 6 fS-SgfS-SgfS-CgfS-CgfS-T2gfC-R-Cg 108

fR-R-CgfR-R-CgfS-CgfS-T2g 6 fS-SgfS-SgfS-CgfS-CgfC-R-CgfC-R-Cg 108

fR-R-CgfR-R-CgfS-CgfC-R-Cg 9 fS-SgfS-SgfS-CgfS-T2gfS-T2gfS-T2g 36

fR-R-CgfR-R-CgfS-T2gfS-T2g 3 fS-SgfS-SgfS-CgfS-T2gfS-T2gfC-R-Cg 81

fR-R-CgfR-R-CgfS-T2gfC-R-Cg 6 fS-SgfS-SgfS-CgfS-T2gfC-R-CgfC-R-Cg 108

fR-R-CgfR-R-CgfC-R-CgfC-R-Cg 6 fS-SgfS-SgfS-CgfC-R-CgfC-R-CgfC-R-Cg 90

fR-R-CgfS-SgfS-SgfS-SgfS-Sg 5 fS-SgfS-SgfS-T2gfS-T2gfS-T2gfS-T2g 15

fR-R-CgfS-SgfS-SgfS-SgfS-Cg 12 fS-SgfS-SgfS-T2gfS-T2gfS-T2gfC-R-Cg 36

fR-R-CgfS-SgfS-SgfS-SgfS-T2g 8 fS-SgfS-SgfS-T2gfS-T2gfC-R-CgfC-R-Cg 54

fR-R-CgfS-SgfS-SgfS-SgfC-R-Cg 12 fS-SgfS-SgfS-T2gfC-R-CgfC-R-CgfC-R-Cg 60

fR-R-CgfS-SgfS-SgfS-CgfS-Cg 18 fS-SgfS-SgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 45

fR-R-CgfS-SgfS-SgfS-CgfS-T2g 18 fS-SgfS-CgfS-CgfS-CgfS-CgfS-Cg 42

fR-R-CgfS-SgfS-SgfS-CgfC-R-Cg 27 fS-SgfS-CgfS-CgfS-CgfS-CgfS-T2g 60

fR-R-CgfS-SgfS-SgfS-T2gfS-T2g 9 fS-SgfS-CgfS-CgfS-CgfS-CgfC-R-Cg 90

fR-R-CgfS-SgfS-SgfS-T2gfC-R-Cg 18 fS-SgfS-CgfS-CgfS-CgfS-T2gfS-T2g 60

fR-R-CgfS-SgfS-SgfC-R-CgfC-R-Cg 18 fS-SgfS-CgfS-CgfS-CgfS-T2gfC-R-Cg 120

fR-R-CgfS-SgfS-CgfS-CgfS-Cg 20 fS-SgfS-CgfS-CgfS-CgfC-R-CgfC-R-Cg 120

fR-R-CgfS-SgfS-CgfS-CgfS-T2g 24 fS-SgfS-CgfS-CgfS-T2gfS-T2gfS-T2g 48

fR-R-CgfS-SgfS-CgfS-CgfC-R-Cg 36 fS-SgfS-CgfS-CgfS-T2gfS-T2gfC-R-Cg 108

fR-R-CgfS-SgfS-CgfS-T2gfS-T2g 18 fS-SgfS-CgfS-CgfS-T2gfC-R-CgfC-R-Cg 144

fR-R-CgfS-SgfS-CgfS-T2gfC-R-Cg 36 fS-SgfS-CgfS-CgfC-R-CgfC-R-CgfC-R-Cg 120

fR-R-CgfS-SgfS-CgfC-R-CgfC-R-Cg 36 fS-SgfS-CgfS-T2gfS-T2gfS-T2gfS-T2g 30

fR-R-CgfS-SgfS-T2gfS-T2gfS-T2g 8 fS-SgfS-CgfS-T2gfS-T2gfS-T2gfC-R-Cg 72

fR-R-CgfS-SgfS-T2gfS-T2gfC-R-Cg 18 fS-SgfS-CgfS-T2gfS-T2gfC-R-CgfC-R-Cg 108

fR-R-CgfS-SgfS-T2gfC-R-CgfC-R-Cg 24 fS-SgfS-CgfS-T2gfC-R-CgfC-R-CgfC-R-Cg 120

fR-R-CgfS-SgfC-R-CgfC-R-CgfC-R-Cg 20 fS-SgfS-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 90

fR-R-CgfS-CgfS-CgfS-CgfS-Cg 15 fS-SgfS-T2gfS-T2gfS-T2gfS-T2gfS-T2g 12

fR-R-CgfS-CgfS-CgfS-CgfS-T2g 20 fS-SgfS-T2gfS-T2gfS-T2gfS-T2gfC-R-Cg 30

fR-R-CgfS-CgfS-CgfS-CgfC-R-Cg 30 fS-SgfS-T2gfS-T2gfS-T2gfC-R-CgfC-R-Cg 48

fR-R-CgfS-CgfS-CgfS-T2gfS-T2g 18 fS-SgfS-T2gfS-T2gfC-R-CgfC-R-CgfC-R-Cg 60

fR-R-CgfS-CgfS-CgfS-T2gfC-R-Cg 36 fS-SgfS-T2gfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 60

fR-R-CgfS-CgfS-CgfC-R-CgfC-R-Cg 36 fS-SgfC-R-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 42

fR-R-CgfS-CgfS-T2gfS-T2gfS-T2g 12 fS-CgfS-CgfS-CgfS-CgfS-CgfS-Cg 28

fR-R-CgfS-CgfS-T2gfS-T2gfC-R-Cg 27 fS-CgfS-CgfS-CgfS-CgfS-CgfS-T2g 42

fR-R-CgfS-CgfS-T2gfC-R-CgfC-R-Cg 36 fS-CgfS-CgfS-CgfS-CgfS-CgfC-R-Cg 63

fR-R-CgfS-CgfC-R-CgfC-R-CgfC-R-Cg 30 fS-CgfS-CgfS-CgfS-CgfS-T2gfS-T2g 45

fR-R-CgfS-T2gfS-T2gfS-T2gfS-T2g 5 fS-CgfS-CgfS-CgfS-CgfS-T2gfC-R-Cg 90

fR-R-CgfS-T2gfS-T2gfS-T2gfC-R-Cg 12 fS-CgfS-CgfS-CgfS-CgfC-R-CgfC-R-Cg 90

fR-R-CgfS-T2gfS-T2gfC-R-CgfC-R-Cg 18 fS-CgfS-CgfS-CgfS-T2gfS-T2gfS-T2g 40

fR-R-CgfS-T2gfC-R-CgfC-R-CgfC-R-Cg 20 fS-CgfS-CgfS-CgfS-T2gfS-T2gfC-R-Cg 90

fR-R-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 15 fS-CgfS-CgfS-CgfS-T2gfC-R-CgfC-R-Cg 120

fS-SgfS-SgfS-SgfS-SgfS-SgfS-Sg 7 fS-CgfS-CgfS-CgfC-R-CgfC-R-CgfC-R-Cg 100

fS-SgfS-SgfS-SgfS-SgfS-SgfS-Cg 18 fS-CgfS-CgfS-T2gfS-T2gfS-T2gfS-T2g 30

fS-SgfS-SgfS-SgfS-SgfS-SgfS-T2g 12 fS-CgfS-CgfS-T2gfS-T2gfS-T2gfC-R-Cg 72

fS-SgfS-SgfS-SgfS-SgfS-SgfC-R-Cg 18 fS-CgfS-CgfS-T2gfS-T2gfC-R-CgfC-R-Cg 108

fS-SgfS-SgfS-SgfS-SgfS-CgfS-Cg 30 fS-CgfS-CgfS-T2gfC-R-CgfC-R-CgfC-R-Cg 120

fS-SgfS-SgfS-SgfS-SgfS-CgfS-T2g 30 fS-CgfS-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 90

fS-SgfS-SgfS-SgfS-SgfS-CgfC-R-Cg 45 fS-CgfS-T2gfS-T2gfS-T2gfS-T2gfS-T2g 18

fS-SgfS-SgfS-SgfS-SgfS-T2gfS-T2g 15 fS-CgfS-T2gfS-T2gfS-T2gfS-T2gfC-R-Cg 45

fS-SgfS-SgfS-SgfS-SgfS-T2gfC-R-Cg 30 fS-CgfS-T2gfS-T2gfS-T2gfC-R-CgfC-R-Cg 72

fS-SgfS-SgfS-SgfS-SgfC-R-CgfC-R-Cg 30 fS-CgfS-T2gfS-T2gfC-R-CgfC-R-CgfC-R-Cg 90

fS-SgfS-SgfS-SgfS-CgfS-CgfS-Cg 40 fS-CgfS-T2gfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 90

fS-SgfS-SgfS-SgfS-CgfS-CgfS-T2g 48 fS-CgfC-R-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 63

fS-SgfS-SgfS-SgfS-CgfS-CgfC-R-Cg 72 fS-T2gfS-T2gfS-T2gfS-T2gfS-T2gfS-T2g 7

fS-SgfS-SgfS-SgfS-CgfS-T2gfS-T2g 36 fS-T2gfS-T2gfS-T2gfS-T2gfS-T2gfC-R-Cg 18

fS-SgfS-SgfS-SgfS-CgfS-T2gfC-R-Cg 72 fS-T2gfS-T2gfS-T2gfS-T2gfC-R-CgfC-R-Cg 30

fS-SgfS-SgfS-SgfS-CgfC-R-CgfC-R-Cg 72 fS-T2gfS-T2gfS-T2gfC-R-CgfC-R-CgfC-R-Cg 40

fS-SgfS-SgfS-SgfS-T2gfS-T2gfS-T2g 16 fS-T2gfS-T2gfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 45

fS-SgfS-SgfS-SgfS-T2gfS-T2gfC-R-Cg 36 fS-T2gfC-R-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 42

fS-SgfS-SgfS-SgfS-T2gfC-R-CgfC-R-Cg 48 fC-R-CgfC-R-CgfC-R-CgfC-R-CgfC-R-CgfC-R-Cg 28

fS-SgfS-SgfS-SgfC-R-CgfC-R-CgfC-R-Cg 40

Number of combination classes = 579

Number of combinations = 17,460


